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I present conditions for compatibility of velocities, conservation of mass, and balance of
momentum and energy across moving discontinuities in inextensible strings and sheets of
uniform mass density. The balances are derived from an action with a time-dependent,
non-material boundary, and reduce to matching of material boundary conditions if the dis-
continuity is stationary with respect to the body. I first consider a point discontinuity in a
string and a line discontinuity in a sheet, in the context of classical inertial motion in three
Euclidean dimensions. I briefly comment on line discontinuities terminating in point discon-
tinuities in a sheet, discontinuous line discontinuities in a sheet, and an approach to dynamic
fracture that treats a crack tip in a sheet as a time-dependent boundary point. I provide
two examples of general solutions for conservative sheet motions near a line discontinuity.
The approach also enables treatment of actions depending on higher derivatives of position;
I thus derive balances for an elastica which are applicable to moving contact problems.
The dynamics of strings and sheets offer many surprises [1–15]. Their motion unregularized by
any resistance to bending, these perfectly flexible, yet inextensible bodies may develop persistent
kinks and other discontinuities in their shapes. Embedded in three-dimensional space, they come
into partial contact with steric, frictional, and adhesive obstacles, and thereby experience discon-
tinuous external applied forces. Thus, the mechanics of such discontinuities should be studied.
In this paper, I consider moving discontinuities in one- and two-dimensional flexible bodies (see
Figures 1 and 2). The bodies are modeled as inextensible curves and surfaces. Physical examples
of such discontinuities include peeling fronts of adhesive tapes and coatings [16–19], lift-off points
of chains and ropes moving around pulleys or table edges [2, 8, 9, 20], pick-up points of chains from
piles or rigid surfaces [1, 6, 7, 21, 22], propagating impacts in cables and membranes [11, 23–32],
geometrically complex propagating kinks in a windblown flag or the tubular body and arms of an
Airdancer R© [33], brittle cracks, tears, and cuts in sheet materials [17, 28, 34], and groove structures
in impressed bladders. It also seems likely that kinks may form in the transverse waves resulting
from hairpin turn maneuvers of towed cables [35–37]. In some of these examples, the discontinuity
is an idealization that allows one to ignore a regularizing length scale, such as the body thickness,
and with it higher-order terms in equations of motion, such as bending forces. When considering
an elastic sheet, it may be easier to treat membrane equations and a jump condition than to
explicitly examine an internal bending boundary layer and perform asymptotic matching. Thus,
jump conditions may be an effective tool in studies of thin elastic bodies. For dynamic partial
contact problems involving continua, the correct jump conditions are essential; one cannot simply
apply static boundary conditions.
The first conditions that must hold across a discontinuity are compatibility of velocities and
some body derivatives of position. A treatment of surfaces generates the equivalents of Hadamard
and Darmois compatibility, which differ from the classic cases because both the discontinuity and
its embedding surface are of nontrivial codimension with respect to another embedding space, E3.
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2FIG. 1. Real systems with discontinuous, or approximately discontinuous, moving features. Left: A kink
moving upward in a tubular Airdancer R© [33] membrane (still from a film courtesy R B Warner). Center: A
propagating impact in an aircraft arresting cable [38]. Right: A chain falling onto a table (still from a film
courtesy D Aliaj and R B Warner). The table, or the pile of chain on the table, acts as a positive supply of
stress (momentum) and a negative supply of power (energy).
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FIG. 2. Bodies X with discontinuities, here drawn as first order in derivatives of position. (a) Tangent
vectors at a point discontinuity in a string. (b) Tangent vectors and Darboux frames at a line discontinuity
in a sheet, and coordinate lines and tangents in the bulk. Details and definitions in text.
3Next I consider mass conservation, a topic which is made considerably easier by the presumption
that the bodies are inextensible and isometric to a sufficiently smooth configuration. This justifies
the use of global material coordinates on the body which facilitate calculations.
Then I turn to balances of momentum and energy. The balances are derived from an action
with a time-dependent, non-material boundary, rather than from a set of conservation laws in weak
form as would be traditional in continuum mechanics. For this reason, the formulation shares some
conceptual ground with variable-mass problems [39], such as axially moving belts between supports
[40, 41], yarn or cables deployed off of spools or onto the seafloor [42–46], pipes conveying fluid
[47], or other situations in which one or more boundaries act as sources or sinks of material.
This paper is restricted to metrically constrained inertial motions in E3, but the method can be
generalized to other systems involving elasticity or plasticity of the body. Aside from the economy of
assumptions inherent to a variational principle, there seem to be conceptual advantages to viewing
a discontinuity as a moving boundary, rather than an internal “wave”. There is the possibility
of treating fracture, as well as combined line and point defects, by the approach suggested in
Section III. The ability to consider boundary conditions of action functionals of arbitrarily high
derivatives of position is exploited in Section V to derive momentum and energy balances for a
discontinuous elastica. Finally, the present treatment adds a new perspective on the existence of
energy functionals for some axial motions of thin bodies between supports [48].
The prior work of McIver [39] should be mentioned, in which an action principle was devel-
oped for an open system akin to the time-dependent volumes considered in the present work.
The present treatment differs primarily in its focus on boundary conditions and their application
to discontinuities, and in its use of global material body coordinate descriptions of the moving
boundaries.
The variations in the current procedure involve only the material position vector and the time; it
is likely that these could be viewed as a single four-dimensional material position vector. This is in
contrast to variations of the position of geometric quantities, such as the location of a boundary or
other defect. Examples of the latter may be found in recent treatments of static adhesion [19, 49–
51], and in approaches based on the concept of configurational balances [52–54]. The current
procedure is more direct, not requiring any additional compatibility conditions on the variations.
Perhaps more importantly, it does not rely on any principles beyond the established action of
classical mechanics that applies to the material composing the body; there are no new postulated
laws for geometric objects. However, the approach is limited to defects that can be described as
boundaries, excluding non-Riemannian objects such as dislocations.
A variational approach to momentum and energy equations in imperfect elastic continua was
pioneered by Eshelby [55, 56]. His original focus was on non-Riemannian defects such as disloca-
tions, which any variational integral contour must necessarily surround but not pass through. This
approach of using an encircling contour was later applied to cracks [57], mirroring other work in
fracture mechanics [58–60]. I will suggest in Section III that a crack tip may be approached more
directly as the time-dependent boundary of a boundary of an action integral.
The illustrations in Figure 2 show discontinuities in the tangent vectors of bodies, which are
the relevant discontinuities of the simple actions considered in the primary sections of this paper,
I and II. However, it should be emphasized that the present method is not restricted to first order
discontinuities in position. One expects higher order discontinuities to appear in many problems
featuring bending forces, such as dynamic rolling or sliding of elastomeric or elastica-like materials
[61–63], unfurling tape springs with localized eversions [64], space-fixed transverse loads on spinning
disks or moving tapes [65–67], and the impact of liquid or solid rods and sheets with surfaces [68–
72]. Treatments of extended defects or surgery of two space-times in general relativity [73–75]
involve discontinuities in higher order derivatives of a metric. In the last case, there is no analogue
of our second, Euclidean embedding space, or of material coordinates, but it is still fruitful to work
4in a coordinate system that smoothly spans the discontinuity [75], as in the present paper.
The concepts and approach of this paper are first introduced in the simple context of a string
in Section I, before being applied to sheets in Section II. I recover known results for a point
discontinuity in a string, and present new results for a line discontinuity in a sheet. These results
coincide with, or are analogous to, known results derived from conservation laws in weak form for
strings and space-filling bodies of trivial codimension. I use as comparative references a paper of
O’Reilly and Varadi [76] and a text by Gurtin, Fried, and Anand [77]. In Section III, I briefly
comment on line discontinuities terminating in point discontinuities in a sheet, discontinuous line
discontinuities in a sheet, and the treatment of a crack tip in a sheet as a time-dependent boundary
point. In Section IV, I provide two solutions of conservative sheet motions near a line discontinuity.
In Section V, I derive balances for an elastica.
I. A POINT DISCONTINUITY IN A STRING
In this section I will obtain, by an alternate method, a restricted form of some results derived
by O’Reilly and Varadi [76]. Their work, based on that of Green and Naghdi [78, 79], was also
further developed in a later paper [80].
A possible configuration of a one-dimensional body X(s, t) is shown in Figure 2(a), where X is
a position vector in E3 parameterized by arc length s and time t. The body has a discontinuity,
located at the time-dependent coordinate s0(t). It is simplest, though not necessary, to consider
that the discontinuity moves through a global material coordinate system covering the entire body,
so that the description of s0(t) is common to both sides of the body. In the figure, the discontinuity
is depicted as being in the first derivative of the position vector, leading to a jump in the unit tangent
vector ∂sX. Higher order discontinuities in position may be considered in the same manner.
A jump will be written using double square brackets,
JQK = Q+ −Q− , (1)
where the Q± are the values taken by the quantity Q immediately on either side of the moving
discontinuity. In what follows, equations involving jumps should be understood to hold at the
discontinuity and not elsewhere.
The spatial position of the jump must coincide for the two sides of the body, hence
JX(s0(t), t)K = 0 . (2)
A total time derivative leads to a compatibility condition for velocities,
J∂tX + ∂ts0∂sXK = 0 , (3)
which could also be written with ∂ts0 moved outside the brackets
1. The quantity inside the brackets
is simply the spatial velocity of the non-material point associated with the discontinuity. If the
boundary has continuous tangents, or is fixed (∂ts0 = 0) in material coordinates, the condition (3)
implies continuity of the spatial velocity for the associated material point, J∂tXK = 0.
In considering only inextensible strings of constant, uniform mass density, conservation of mass
becomes relatively trivial. The arc length coordinate is also a material coordinate, and the dis-
continuity exits one side of the body at the same rate it enters the other. The motions of the
1 When applied to the material position vector X(s, t), the symbols ∂s and ∂t respectively denote a partial derivative
with respect to s and a material time derivative. When applied to the non-material point s0(t), ∂t is just a partial
time derivative.
5body in the bulk on either side of the discontinuity, and the transfer of the line element across the
discontinuity, must be isometries. In the bulk this means that ∂t (∂sX · ∂sX) = 0, which is always
true as ∂sX is a unit vector. Likewise, J∂sX · ∂sXK = 0 at the jump. Mass conservation will be
examined in more detail in the following section.
Balances of momentum and energy may be obtained from a variational principle. Consider an
action of the form
A =
∫
dtL =
∫
dt
∫ s0(t)
dsL , (4)
2L = µ∂tX · ∂tX− σ (∂sX · ∂sX− 1) , (5)
representing the string on one side of the discontinuity. The three unspecified limits of integration
are irrelevant to the discussion. The Lagrangian L is that of an extended body with time-dependent
boundary s0(t). The Lagrangian density L is that of an inertial body of uniform mass density µ,
with σ(s, t) a local multiplier enforcing inextensibility. Upon variation of X, the bulk Euler-
Lagrange equations of this density are the classical string equations.
The linear momentum equations are obtained from stationarity of A under the spatial variation
X→ X + δX. Setting
δA =
∫
dt
∫ s0(t)
ds
δL
δX
· δX = 0 (6)
and using the Leibniz rule to manipulate time derivatives resulting from integration by parts, we
obtain field equations for the bulk and the single relevant boundary:
µ∂2t X− ∂s (σ∂sX) = 0 , (7)
σ∂sX + µ∂ts0∂tX = 0 |s=s0 . (8)
For a boundary fixed with respect to material coordinates, ∂ts0 = 0 and we recover the usual
material boundary condition for a string. Noting that placing the time dependent point s0(t) at
the lower limit of integration merely changes the sign of both boundary terms, we are led to a
linear momentum jump condition for a moving, non-material, internal boundary,
Jσ∂sX + µ∂ts0∂tXK = P , (9)
where P represents any supply of stress at the discontinuity [76], such as might be provided by an
external obstacle.
There are no additional conditions for angular momentum. A variation of the form X →
X + (X−O) × δC, O and δC constant vectors, yields only redundant equations, as there is no
jump in X itself.
The energy equations are obtained from stationarity of A under the temporal variation t→ t+δt.
Although δt is to be interpreted as a uniform time shift of the system, rather than a function of
s, this fact is not to be invoked until near the end of the variational process, the point of which is
to extract the temporal Noether current. The Lagrangian density (5) is not an explicit function of
time, but the Lagrangian is. Setting
δA =
∫
dt
δL
δt
δt =
∫
dt
[
L∂ts0δt|s=s0 +
∫ s0(t)
ds
δL
δX
· ∂tXδt
]
= 0 (10)
and proceeding in a similar manner as before, we obtain bulk and boundary equations:[
µ∂2t X− ∂s (σ∂sX)
] · ∂tX = 0 , (11)[
σ∂sX +
1
2µ∂ts0∂tX
] · ∂tX = 0 ∣∣s=s0 , (12)
6where we have used the fact that ∂sX ·∂sX−1 = 0. As this term is a constraint, there is no energy
associated with it. While the bulk equation (11) and the fixed-boundary limit of the boundary
equation (12) are redundant with respect to the momentum equations (7-8), the general boundary
equation is not. It leads to an energy jump condition,q
σ∂sX · ∂tX + 12µ∂ts0∂tX · ∂tX
y
= E + 12P ·
(
∂tX
+ + ∂tX
−) , (13)
where E represents any supply of power per area, including internal dissipation2. The form of
the right hand side of (13), which makes use of the mean material velocity at the kink, is chosen
so that the quantity E is invariant under Galilean shifts X → X + Ct. This is not a necessity.
One can imagine stress and power supplied by collision with a space-fixed obstacle external to the
variational treatment of the body. In such a treatment it might be simpler to write E for the
right hand side of condition (13)3. This would break Galilean invariance of the body, of E, and
of the equations, even though the body-obstacle system must be invariant as a whole. A general
discussion of invariance restrictions on the supplies P and E may be found in O’Reilly and Varadi
[76].
The invariant form of the jump conditions (9) and (13) is that which would be derived from
an action that explicitly includes boundary supply terms. I have up to this point discussed only a
one-sided bulk action, for simplicity of exposition. The total Lagrangian leading to conditions (9)
and (13) has the form:
L = LS |s=s0 +
∫
s0(t)
dsLV +
∫ s0(t)
dsLV , (14)
2LS = P ·
(
X+ + X−
)
+ 2Et , (15)
2LV = µ∂tX · ∂tX− σ (∂sX · ∂sX− 1) , (16)
where it is to be understood that P and E are unaffected by the variations. Here the boundary
density LS is an explicit function of time, and the temporal variation must take this into account.
Note that the spatial velocity of the non-material discontinuity does not appear in the Lagrangian
(14) or the balance (13), in contrast to Virga’s configurational approach to energy balance [22],
which behaves identically under Galilean shifts.
A. Comments
The independence of momentum and energy supplies at a non-material boundary is reflected in
the requirement of additional constitutive information to specify the behavior of dissipative shocks
[22], impacts [12, 81], and phase transformations or other thermomechanical processes at moving
discontinuities [82, 83].
Because the ∂ts0 term may be moved outside the brackets, the balances (9) and (13) and
velocity compatibility condition (3) may be thought of as evolution equations for the boundary
coordinate s0(t), a type of dynamics for a non-material point. This viewpoint is sometimes adopted
in studies of dynamic fracture, where an analogy with a peeling string was explored by Freund
[59]. Accelerations can be included in these dynamics as well, by considering an acceleration
compatibility condition.
2 The area unit is due to the cross section of the body, which is really the vanishing-radius limit of a three-dimensional
string.
3 Note that Virga’s comments [22] on the form of equation (13) pertain to an earlier draft of this paper, when the
right hand side was indeed simply written as E.
7II. A LINE DISCONTINUITY IN A SHEET
The results of this section are new, but they and the method of derivation are related to those
of Hure and Audoly [19] on the adhesion boundary of a static sheet on a surface. I consider the
case of a line discontinuity in a surface embedded in E3. A line discontinuity in a two-dimensional
body in E2 is a surface itself (in the sense of being codimension-1 with respect to E2), and may
be addressed in the same manner as surface discontinuities in three-dimensional bodies in E3. The
latter is a classical topic, a representative example of which may be found in chapters 32-33 of
the recent text by Gurtin, Fried, and Anand [77]. Pop and Wang [84] considered higher-order
line discontinuities, with continuous tangent vectors, propagating in two-dimensional bodies in E3.
They used convected coordinates, and assumed that one side of the surface was quiescent.
A line discontinuity may be closed, terminate on the boundary of the surface, or terminate at
point discontinuities within the surface. Let us neglect the third option for the moment. Figure
2(b) depicts the second option, with discontinuities in some of the first derivatives of the position
vector. The body X ({λα}, t) is now parameterized by a set of global material coordinates {λα},
α ∈ {1, 2}, which span the discontinuity, and by the time t. Use of such a coordinate system
facilitates description, and does not restrict us in considering the type of deformations relevant
to inextensible thin bodies. The discontinuity is now a curve with surface coordinates {λα0 (l, t)}
parameterized by a curve coordinate l and the time t. For simplicity, let us assume that l is
independent of time, rather than something like an arc length. The curve derivative is ∂l = ∂lλ
α
0∂α .
First order discontinuities are special in that, unless they are restricted, they will result in a
jump in the surface metric tensor aαβ ≡ ∂αX · ∂βX. However, certain restrictions are reasonable
when considering inextensible motions of sheets. I seek to model such discontinuities as may, for
example, appear dynamically during the motion of an initially smooth surface. Let us consider “C1-
foldable” discontinuities, defined such that the discontinuous surface is isometric to some C1-smooth
configuration4. On this latter configuration, I paint an initial set of C1-smooth global coordinate
curves, and admit a velocity field tangential to the surface that advects these coordinates while
preserving the metric (a Killing flow). These coordinates and surface velocities will be carried over
under the isometry to the discontinuous surface, and intrinsically defined surface quantities will
not suffer a jump. For example, the angle within the surface between a coordinate curve and the
discontinuity curve remains the same on either side. It should be mentioned that the foldability
condition puts additional strict constraints on the relationship between extrinsic properties of
surfaces on either side of a fold [85]. The difficult but important tasks of constructing an appropriate
surface pair and finding a Killing flow are beyond the scope of this paper.
It will be helpful to envision the orthonormal Darboux frames defined by the discontinuity curve
and the two surfaces on either side of it. At each l, such a frame consists of a (curve and surface)
tangent θˆ = ∂lX‖∂lX‖ , a (surface) normal Nˆ
±
, and a (surface) tangent (curve) normal νˆ± = θˆ × Nˆ±.
The tangent is shared by both sides, while the other vectors may differ across the discontinuity,
as indicated by the notation. It is the tangent normal νˆ± that will be physically important,
and the fact that it has a jump leads to significant differences between the present system and
discontinuities in space-filling bodies.
Quantities on either side of the jump are defined as follows,
Q±({λα0 (l, t)}, t) ≡ lim
→0
Q ({λα0 (l, t)± να(l, t)}, t) , (17)
where the components να of the tangent normal are identical on either side due to the C1-foldability
condition.
4 The exception to this statement is on the discontinuity itself, where the metric is not defined. I am requiring that
the surfaces on either side can be bent, but not stretched, in such a manner that the discontinuity in the tangents
disappears.
8Not only the position X, but its l-derivatives, must coincide on either side of the jump, hence
JX ({λα0 (l, t)}, t)K = 0 , (18)J∂lXK = 0 , (19)q
∂2l X
y
= 0 , (20)
and so on, with (19) also implying continuity of the curve metric
J∂lX · ∂lXK = 0 . (21)
Again, a total time derivative of (18) leads to a compatibility condition relating the spatial velocity
of the body to the surface velocity of the discontinuity within the body coordinates,
J∂tX + ∂tλα0∂αXK = 0 . (22)
However, for a C1-foldable discontinuity, the second term cannot have a jump in its projection onto
the surface tangents. Hence,
J∂tλα0∂αX · ∂lXK = 0 , (23)J∂tλα0∂αX · νˆK = 0 . (24)
The bracketed quantity in the second expression (24) is just the velocity of the boundary along the
tangent normal. The first expression (23) can be used, along with matching of the curve tangent,
to modify the second term in (22) so that
J∂tX + ∂tλα0∂αX · νˆνˆK = 0 . (25)
The bracketed quantity in (25) is the spatial velocity of the non-material discontinuity. The
conditions (19) and (25) are compatibility a` la Hadamard [77], a standard requirement in continuum
mechanics. Note, however, an important difference between the present system and a codimension-
1 discontinuity in a space-filling body. The relevant normal vector is the tangent normal, which
is the surface, rather than the spatial, complement of the tangent space of the discontinuity. We
cannot move the tangent normal νˆ outside the brackets, as it suffers a jump; pointing out of one
side of the body does not imply pointing into the other side. In the formalism of Gurtin, Fried, and
Anand [77], there is a jump in the projection operator. On the other hand, we may move ∂tλ
α
0 and
∂αX · νˆ = να outside the brackets, because of the coordinate system we have chosen on the surface.
In this sense, the situation described here is less general than one which allows for discontinuities
in coordinate lines in the surface direction normal to the discontinuity, as is appropriate for some
types of material deformations [77].
The isometry preserves geodesic curvature, and its equivalents for other coordinates like l, henceq
∂2l X · νˆ
y
= 0 . (26)
Conditions (21) and (26) are compatibility a` la Darmois [73], a common imposition on codimension-
1 discontinuities in general relativity. Again the present system, with its second embedding space,
is distinctive in the substitution of the tangent normal for the spatial curve normal. Note that the
Darmois conditions, unlike those of Hadamard, could be described in terms purely intrinsic to the
surface.
Consideration of an inextensible sheet with constant, uniform mass density makes the treatment
of mass conservation considerably easier than it could be. The C1-foldability condition ensures thatJaαβK = 0, which along with the uniformity of µ implies both JµaαβK = 0 and Jµ√a K = 0. The
9latter is equivalent to the expression of mass conservation in O’Reilly and Varadi [76]. For this
statement to be interpreted as covariant, µ must transform nontensorially as a scalar density,
reciprocally to the square root of the metric determinant
√
a.
It may be helpful to look at the system from the perspective of the usual continuum mechanical
derivation of mass conservation using a transport relation for a material volume. Consider the
total time derivative of an integral of a quantity Q taken over a (two-dimensional) material volume
V (t) of a surface with time-independent metric aαβ and the discontinuity as its boundary ∂V (t),
d
dt
∫
V (t)
dV Q =
∫
V (t)
dV ∂tQ+
∫
∂V (t)
dS Q∂tλ
α
0 να , (27)
where dV =
√
a
∏
α
dλα and dS = ‖∂lX‖dl. If Q is a uniform mass density µ, then (19) and (24)
ensure that it will be conserved when matching the boundary term with that of the complementary
part of the surface, for which the relevant normal has the opposite sense.
In considering systems undergoing elastic or plastic deformations across the discontinuity, one
must allow for time-dependence and jumps of the body metric, and take greater care in treating
mass conservation. A general treatment of surfaces with time-dependent metrics requires not only
covariance of the jump condition, but also of the total time derivative [86] of any quantity that
lives at least partially in the surface, such as the metric tensor, surface coordinates, or surface
derivatives of the position vector.
Let us obtain balances of momentum and energy from an action of the form
A =
∫
dtL =
∫
dt
∫
V (t)
dV L , (28)
2L = µ∂tX · ∂tX− σαβ (∂αX · ∂βX− aαβ) , (29)
where the local multiplier σαβ preserving the surface metric is a surface stress tensor. The form of
(29), of which the string form (5) is a special case, does not depend on dimensionality of the body.
We proceed as before. The linear momentum equations are obtained from stationarity of A
under the spatial variation X→ X + δX. Setting
δA =
∫
dt
∫
V (t)
dV
δL
δX
· δX = 0 (30)
and using (27) to manipulate time derivatives, we obtain for the bulk and boundary:
µ∂2t X−∇α
(
σαβ∂βX
)
= 0 , (31)
να
[
σαβ∂βX + µ∂tλ
α
0∂tX
]
= 0
∣∣∣
∂V
, (32)
where ∇ is a covariant derivative on the surface. The easiest way to obtain these equations is
to exploit the fact that δX, like X, has no surface indices and behaves like a surface scalar:
∂αδX = ∇αδX. Note that if the boundary ∂V terminates in a point or corner, it itself has a
boundary ∂∂V , though this is not relevant to the action considered here. For a fixed-coordinate
boundary, we recover the usual material boundary condition for a sheet. Matching with the
complementary part of the surface provides a linear momentum jump condition,r
νασ
αβ∂βX + µ∂tλ
α
0 να∂tX
z
= P . (33)
There are no additional conditions for angular momentum.
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The energy equations are obtained from stationarity of A under the temporal variation t→ t+δt.
Again L is not explicitly time-dependent. Setting
δA =
∫
dt
δL
δt
δt =
∫
dt
[∫
∂V (t)
dS L∂tλα0 ναδt+
∫
V (t)
dV
δL
δX
· ∂tXδt
]
= 0 (34)
and remembering that ∂αX · ∂βX− aαβ = 0, we obtain bulk and boundary equations:[
µ∂2t X−∇α
(
σαβ∂βX
)]
· ∂tX = 0 , (35)
να
[
σαβ∂βX +
1
2µ∂tλ
α
0∂tX
]
· ∂tX = 0
∣∣∣
∂V
. (36)
The bulk equation (35) and the fixed-boundary limit of the boundary equation (36) are redundant
with respect to the momentum equations (31-32). The general boundary equation leads to an
energy jump condition,r
νασ
αβ∂βX · ∂tX + 12µ∂tλα0 να∂tX · ∂tX
z
= E + 12P ·
(
∂tX
+ + ∂tX
−) , (37)
where again the right hand side is chosen so as to preserve invariance under Galilean shifts.
A. Comments
At this point, one might ask whether generic moving first order discontinuities, even of the
restricted type considered thus far, are consistent with inextensible motions of sheets. The C1-
foldable construction is common when considering static curved folds [85, 87], but in such cases
the understanding is that the fold carries some kind of singularity in the metric. Gauss’s theorema
egregium, though not strictly applicable, seems to preclude general discontinuities in tangent vectors
without stretching of the surface, and presumably the latter should be associated with some energy
and surface stresses. This issue will also arise for intersections of line defects, line defects with
discontinuities in the curve tangents, or line defects terminating at point defects inside the sheet.
If the stretching is plastic, defects will likely be pinned, as one can see in manipulating a paper
sheet. If elastic, they will likely be mobile, and the energy contained in the jump could manifest
as an effective line tension acting to shorten or resist lengthening of the discontinuity. One could
imagine that the effects should appear not just in the power per area supply E, but in the stress
supply P as a traction proportional to the geodesic curvature vector. These several difficulties
could in principle be avoided by considering an in-surface elastic term in the action instead of a
constraint on the metric, so as to relax the infinite energy penalty for stretching the sheet. However,
this would not only add a new term to the energy jump condition, but complicate the analysis
considerably by causing the metric to be time-dependent and thus requiring covariant treatment
of time derivatives. Isometric approximations work extremely well for static problems involving
curved discontinuities or other defects with localized stretching [85, 87–89], and for quasistatic
models of crack propagation in brittle thin sheets [34]. Whether or not this remains true in
dynamic regimes remains to be determined.
III. POINT DISCONTINUITIES IN LINE DISCONTINUITIES IN A SHEET, AND A
CRACK AS A TIME-DEPENDENT BOUNDARY
Line defects may terminate in point defects inside a sheet, or contain internal kinks of their
own. Crack tips in sheets are point defects constituting unique non-material points on otherwise
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material external boundaries. To treat either type of point defect, we must consider boundaries
∂V that have boundaries ∂∂V , and the corresponding boundary-boundary velocities ∂tλ
α
0 θα along
the tangents normal to ∂∂V .
Let us consider a general Lagrangian with both boundary and bulk terms,
L =
∫
∂V (t)
dS LS +
∫
V (t)
dV LV . (38)
The actions we have been considering until now are bulk actions that depend at most on first
derivatives of X, meaning that no “boundary-boundary” terms arise to provide forces on the ends
of discontinuity curves. This would no longer be the case, for example, for a finite-thickness sheet
action that includes bulk bending energy terms, which would be higher order in surface derivatives.
Boundary-boundary velocity terms might contribute to such end forces if the bulk contribution to
the action contains mixed time and surface derivatives, or if there is a boundary contribution to
the action.
Relations such as (27) hold for piecewise smooth boundaries. If the densities LS and LV are
not explicit functions of time, the spatial and temporal variations of the Lagrangian (38) take the
forms
δL
δX
· δX =
∫
∂V (t)
dS
δLS
δX
· δX +
∫
V (t)
dV
δLV
δX
· δX , (39)
δL
δt
δt = LS∂tλα0 θαδt|∂∂V (t) +
∫
∂V (t)
dS
(
δLS
δX
· ∂tXδt+ LV ∂tλα0 ναδt
)
+
∫
V (t)
dV
δLV
δX
· ∂tXδt .
(40)
Terms may move from bulk V to boundary ∂V to boundary-boundary ∂∂V if they are divergences;
the appropriate divergence on ∂V is an l-derivative. Additionally, source terms could exist on ∂∂V ,
for example if a slicing tool is responsible for crack propagation, or if energy is dissipated at the
point discontinuity.
For an internal point defect on the end of an internal line defect, the boundary ∂∂V of the
“boundary” ∂V is simply a point with a single unit tangent normal θˆ. The boundary density LS
might represent an energy associated with localized stretching along a fold.
The situation is a bit more complicated for a crack tip (Figure 3), or a kink in an internal
boundary. The tip ∂∂V is the intersection, at some non-material boundary point l0(t), of two
pieces of boundary ∂V . Each piece carries its own tangent normal θˆ
R
L , which is the corresponding
boundary tangent immediately on either side of l0(t). While the tip ∂∂V is a single point with
single-valued surface velocity ∂tλ
α
0 , there are two values of ∂αX · θˆ
R
L = θ
R
L
α . The first term of the
temporal variation of L will take the form LS∂tλα0
(
θRα − θLα
)
. For a crack, ∂V is a free material
boundary, and LS is the cost of creating more ∂V . While this boundary is time-dependent, the
bulk V is not, and ∂tλ
α
0 να = 0. Another feature of a crack is that θ
R
α = −θLα .
Crack propagation in thin sheets is often geometrically and dynamically interesting [28, 34]. One
example is “trouser” tearing, a Mode III fracture test in which two “legs” are pulled in opposite
directions perpendicular to the remainder of a flat sheet. In considering such a geometry for sheets
without bending resistance, it may be necessary to imagine the crack tip sitting at the nexus of two
material boundaries along the “inseams” and two internal line defects parallel to and just below
the “waist”.
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θˆ
L
θˆ
R
∂∂V (t)
FIG. 3. Crack geometry in a sheet, with boundary tangents that are normal to a boundary-boundary point.
Details and definitions in text.
IV. EXAMPLES OF SHEET MOTIONS NEAR A LINE DISCONTINUITY
I present two general examples for sheet motions with a line discontinuity, which are easily
applicable to strings as a special case. Let there be two moving surfaces which coincide on the
discontinuity. The particular forms of the surfaces may remain unspecified, as long as they admit
the surface velocities of the solutions as boundary values of Killing fields. Let coordinates be chosen
such that surface velocities and discontinuity tangent normals are parallel to one set of coordinate
lines, with index n. This means that the discontinuity must be along a geodesic, and that flow
of material is strictly normal to it. Recall that there is no jump in the surface metric across the
discontinuity, hence J∂nX · ∂nXK = 0. Let there be no external forces or internal dissipation, so
that P = 0, E = 0.
It may be useful to think of a fold propagating through a chain, rug, or bedsheet. Either part
of Figure 2, without coordinate lines, may serve as illustration. I am, however, only considering a
portion of the surface adjacent to the discontinuity, and whether such solutions may be extended
indefinitely into the bulk on either side depends on the problem at hand. Any bulk solutions
stitched to the jump solutions below must satisfy the bulk field equations, and possibly additional
boundary conditions some distance away.
A. Steady configuration
Let the surfaces, or those portions near the discontinuity, move tangentially to themselves in
the n direction with velocity T , so that material flows along a fixed shape in an inertial frame. The
solution
∂tX
± = T∂nX± , (41)
∂tλ
n
0 = −T , (42)
σnn± = µT 2 , (43)
satisfies (22), (33), and (37), with terms vanishing identically for the latter equation. Thus the
Routh “lariat” solution, applicable to continuous strings [90, 91] and some continuous surfaces [15],
obtains also in the discontinuous limit. The discontinuity, like the rest of the non-material shape,
does not move.
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B. Semi-quiescent configuration
Let one surface, or its portion near the discontinuity, be static. The solution
∂tX
+ = 0 , (44)
∂tX
− = −U J∂nXK , (45)
∂tλ
n
0 = −U , (46)
σnn± = µU2 , (47)
satisfies (22), (33), and (37), and includes the falling folded vertical chain [10] as a special case.
This is also the relevant geometry for peeling adhesive tape. Note that J∂nXK always points “in
between” the two surfaces on the concave side. The motion of the discontinuity in the laboratory
frame is−U∂nX+, and the quiescent surface simply extends or recedes along its tangent. This result
may seem counterintuitive; momentum perpendicular to the quiescent piece seems to disappear or
appear from nowhere. However, momentum is conserved, just as it is for the discontinuous lariat,
where the stress resultant redirects elements of the body as they pass through the kink. Here the
elements are brought to rest or into motion in the same manner.
C. Comments
These solutions, like the continuous Routh lariat, are surface velocity- and shape-agnostic in
that they do not specify anything about the velocities T and U or configuration X. However, for
nontrivial T and U they cannot be extended in time until the discontinuity exits a finite-sized body,
as the free material boundary condition will be incompatible with nonzero σ at the jump. The
behavior of a flexible body near its free boundary is not currently understood even in the absence
of discontinuities, so the latter cannot be blamed for the difficulty.
V. A POINT DISCONTINUITY IN AN ELASTICA
The Euler elastica is a common model for thin elastic bodies in effectively planar situations. The
body is symmetric about its midline X, which carries a single director field that may be explicitly
related to derivatives of X. An appropriate Lagrangian density, written purely in terms of X, is
2L = µ∂tX · ∂tX +M∂t∂sX · ∂t∂sX−B∂2sX · ∂2sX− σ (∂sX · ∂sX− 1) , (48)
where B is a bending modulus and M a moment of inertia density. In the plane, there is no need
to consider twist of the body, and the rate of rotation of the directors is simply that of the tangents
∂sX. Proceeding as for the string leads to the bulk field equation
µ∂2t X− ∂s
(
M∂2t ∂sX−B∂3sX + σ∂sX
)
= 0 , (49)
and jump conditionsq
M∂2t ∂sX−B∂3sX + σ∂sX + µ∂ts0∂tX
y
= P , (50)q
B∂2sX +M∂ts0∂t∂sX
y
= R , (51)q
B∂2sX · ∂t∂sX +
(
M∂2t ∂sX−B∂3sX + σ∂sX
) · ∂tX
+12∂ts0
(
µ∂tX · ∂tX +M∂t∂sX · ∂t∂sX +B∂2sX · ∂2sX
)y
= E + 12P ·
(
∂tX
+ + ∂tX
−) , (52)
14
where R is a supply of torque per area. Because the action depends on second derivatives of
position, there are jump conditions corresponding to δX, ∂sδX, and δt. To obtain these equations,
we privilege the time derivative when integrating by parts, and as a last manipulation invoke the
facts that ∂s (∂tXδt) = ∂s∂tXδt = ∂t∂sXδt.
These results are consistent with those of O’Reilly [92] for general rod models, but the absence
of explicit director dependence of the Lagrangian density (48) means that we have no director
momentum equation. The correspondence with O’Reilly’s paper [92], or the standard Cosserat
formulation of the Kirchhoff equations for rods, tells us that the “contact force” for moving elastica
is related not only to our tension σ and squared curvature ∂2sX ·∂2sX, but to an angular momentum
term corresponding to the accelerations of the tangent vectors or, equivalently for an inextensible
curve, their squared rate of change: ∂t∂sX · ∂t∂sX = −∂2t ∂sX · ∂sX. The material boundary terms
in (52) represent two contributions to the power. One comes from the dot product of force and
velocity, the other from torque and angular velocity as embodied in the rates of change of the
tangent vectors ∂t∂sX. For non-moving, material, internal boundaries, the velocity compatibility
condition (3) implies continuity of the spatial velocity ∂tX. If, in addition, the angle at this
internal boundary is fixed, so that there is continuity of ∂t∂sX, the energy jump condition (52)
is no longer independent of (50) and (51). Alternately, if the tangents ∂sX are continuous, the
velocity compatibility condition (3) again implies continuity of ∂tX, and the conditions simplify
to:
q
M∂2t ∂sX−B∂3sX
y
+ JσK ∂sX = P , (53)q
B∂2sX +M∂ts0∂t∂sX
y
= R , (54)q
B∂2sX · ∂t∂sX
y
+
q
1
2∂ts0
(
M∂t∂sX · ∂t∂sX +B∂2sX · ∂2sX
)y
= E , (55)
where a term of the form P · ∂tX has been cancelled from either side of (55). This may be the
appropriate set of conditions for many moving contact problems involving thin elastic bodies.
VI. SUMMARY AND COMMENTS
I have presented a method for derivation of momentum and energy jump conditions from an
action principle, and indicated avenues for generalization. The process also leads quite naturally
to a nonstandard approach to boundary conditions at a crack tip. I focused primarily on disconti-
nuities in inextensible strings and sheets, though conditions for the elastica were also derived. The
results for sheets are new, and are embellished by two solutions for moving line defects.
A useful extension of this work would be a generalization to time-dependent body metrics, to
allow for intrinsic deformations of the body both outside and within the discontinuities. Phenomena
that could be treated in this manner include fracture with elastic energy release, propagating plastic
instabilities, sheet metal drawing, and solid→solid phase transformations. Extension to dissipative
systems subject to variational principles should be straightforward. The present approach can
presumably be formalized in a four-dimensional setting that treats time as a fourth coordinate and
involves only a single variation.
Another interesting extension would be to reformulate the jump conditions for line disconti-
nuities as evolution equations for a non-material curve, written in terms of geometric quantities
associated with the curve and its two embedding surfaces.
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